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Abstract 

We study the M=4 harmonic superparticle model, both with and without central 
charge and quantize it. Since the central charge breaks the U(4) R-symmetry group 
of the A/"=4 superalgebra down to USp(4), we consider the superparticle dynamics 
in J\f=4 harmonic superspace with USp(4)/(U(l) x U(l)) harmonic variables. We 
show that the quantization of a massive superparticle with central charge leads to a 
superfield realization of the M=4 massive vector multiplet in J\f=4 harmonic super- 
space. In the massless case without central charge the superparticle quantization 
reproduces three different multiplets: the J\f=4 SYM multiplet, the N=4 gravitino 
multiplet and J\f=4 supergravity multiplet. The SYM multiplet is described by six 
analytic superfield strengths with different types of analyticity. We show that these 
strengths solve the N=4 SYM constraints and can be used for the construction of 
actions in M=4 harmonic superspace. 



Alexander von Humboldt fellow at Leibniz Universitat Hannover. 



1 Introduction 



The A/"=4 super Yang-Mills (SYM) field theory, being the maximally extended rigid su- 
persymmetric model, possesses many remarkable properties. The symmetry of this model 
is so large that the only freedom in the classical action is the choice of the gauge group, 
and the quantum dynamics is free of divergences. It worth pointing out that this the- 
ory has profound relations with superstring theory, particularly due to the AdS/CFT 
correspondence (see, e.g., []]). 

The problems of J\f—4 SYM theory in the quantum domain are mainly related to 
the effective action and correlation functions of composite operators. The superfield 
approaches seem to be more efficient for these purposes, since they allow one to use the 
supersymmetries in explicit form. However, a description of A/"=4 SYM theory in terms 
of unconstrained 7V=4 superfields is still missing. For various applications, formulations 
in terms of Af=l superfields (see, e.g., [2]), in terms of Af=2 superfields [3[ H], or in 
terms of Af=3 superfields [5] are used. All attempts to find an unconstrained M=A 
harmonic superfield formulation for the J\f—4 SYM theory have been futile so far [3 
IU [91 [TOl [HI [12], for a number of different types of harmonic variables originating from 
various cosets of the <S7/(4) group. However, one may still hope that there exists some 
other harmonic superspace, not based on some SU(4) coset, which is better suited for a 
superfield realization of A/"=4 supergauge theory|§ In other words, we need new superfield 
representations of the known irreducible multiplets of the J\T=A superalgebra realized in 
an appropriate harmonic superspace. 

The main purpose of this paper is to construct A/"=4 superparticle models in har- 
monic superspace, to quantize them and to derive superfield representations of the A/"=4 
superalgebra as a result of their quantization. It is well known that the quantization of 
superparticles is closely related to superfield formulations of the corresponding field the- 
ories. Indeed, the superparticle models are rich of symmetries such as reparameterization 
invariance, supersymmetry and, in particular cases, the kappa-symmetry (see, e.g., [13] 
for a review). All these symmetries are accompanied by constraints in the Hamiltonian 
formulation. Upon quantization, these constraints turn into equations of motion as well 
as superfield differential constraints, which together define superfield representations of 
irreducible multiplets of supersymmetry. For instance, the quantization of the M=l su- 
perparticle was achieved in [HI [T5j [T6l [T7] , the J\f=2 gauge multiplet and hypermultiplets 
were obtained in [T71 [HI [19j [201 EI] by quantizing the M—2 superparticle and, finally, the 
A/"=3 superparticle was recently studied by two of us [22], where massive and massless 
A/"=3 vector multiplets as well as the A/"=3 gravitino multiplet were derived. A particular 
case of massless superparticles with arbitrary M>2 extended supersymmetry in SU(N) 
harmonic superspace was analyzed in [18J, where the corresponding superfield strengths 
were derived. We point out the significance of harmonic superparticles with M=2 and 
A/"=3 extended supersymmetries [TS1 dSl [22J , since they yield equations of motion for the 
corresponding field theories in harmonic superspaces which possess unconstrained super- 

2 As is well known, an unconstrained superfield formulation of VV=4 SYM theory is impossible in 
standard 7V=4 superspace. 
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field descriptions. 

In the present paper we study models of the M=4 harmonic superparticle both in the 
massive case with central charge and in the massless case without central charge. It is 
well known that a central charge breaks the U(4) R-symmetry group of the M—4 super- 
algebra down to USp(4) [221 [21] • Therefore, we consider it as crucial to introduce USp(4) 
harmonic variables which are employed for the corresponding Af=4 harmonic superspace. 
The various cosets of the USp{4) group were introduced and studied in [22], and the 
corresponding harmonic variables were further applied in (26J [2Z] to d=5 and d=6 M=4 
SYM models. In our work we find them useful also for d=4 M=4 SYM and superparticle 
models. We start with the formulation and quantization of the A/=4 superparticle in 
such a harmonic superspace and find superfield representations of various multiplets of 
the M—4 superalgebra. In the massive case with nonzero central charge, the quantization 
leads to the massive M—4 vector multiplet, represented by analytic superfields subject 
to several Grassmann and harmonic shortness conditions. In the massless case with van- 
ishing central charge, this multiplet reduces to the usual M=4 SYM multiplet if one also 
imposes reality conditions. As a result, the M—4 SYM multiplet is described by six an- 
alytic superfields with different types of analyticity and harmonic shortness. Apart form 
the SYM multiplet, we also derive the M=4 gravitino multiplet (with highest helicity 
3/2) and the multiplet of M=4 supergravity. These multiplets are represented by M—4 
chiral-analytic and chiral superfields, respectively. 

The quantization of the M=4 superparticle appears to be very fruitful since it not 
only hints at a suitable M—4 harmonic superspace based on USp(4), but it also gives an 
appropriate formulation of M=4 superfield strengths in such a harmonic superspace. We 
show that exactly these superfields appear in the solution of the M=4 SYM constraints 
with the help of USp(4) harmonic variables. Finally, we employ these superfields for 
constructing some integral invariants and sketch certain superfield actions which describe 
an F term in such a harmonic superspace. Note that similar superfields were introduced 
in [H [91 [TOj EH HE] by contracting the M=4 superfield strengths with harmonics on 
some coset of SU(4) and have been exploited for constructing M=4 invariant actions and 
correlation functions of composite operators in various works (see, e.g., p2, 28J). 

The paper is organized as follows. In Section 2 we introduce the M=4 harmonic 
superspace with USp(4) harmonic variables and review the basic constructions in it. In 
the next Section we consider the M—4 harmonic superparticle model and develop the 
Lagrangian and Hamiltonian formulations for it. The quantization of the superparticle 
is given in Section 4, where the superfield representations for the massive and massless 
vector multiplets as well as for the gravitino and supergravity multiplets are found. In 
Section 5 we show how U Sp(4) harmonic variables help solving the SYM constraints and 
construct various actions in such an M=4 harmonic superspace. In a Summary we discuss 
the results obtained and some ideas of their further application to M=4 SYM theory. 
Technical details are collected in three Appendices, where we address the problem of an 
unconstrained M=4 superfield description of the F 2 term in harmonic superspace. 
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2 A/"=4 USp(4:) harmonic superspace 



2.1 7V=4 superalgebra with central charges 

We start with a short review of A/"=4 superspace and superalgebra constructions just 
to fix our notations. The generators of 7V=4 superalgebra with central charges can be 
represented by the following differential operators 

= ^ - feat <^ + = + id ?<^ + iZ ^- ( 21 ) 

where {x m , 9i a , 0^,} are the superspace coordinates and Z % i = —Z^, Z^ = (Z^)* are 
constant antisymmetric matrices of central charges. The Greek letters a, a denote the 
SL(2, C) indices while the small Latin ones = 1, 2, 3, 4 correspond to R-symmetry. 

The operators (12.11) satisfy the standard anticommutation relations of M=4 superalgebra 
with central charges, 

{3^ Qj} = 2ie afi Z«, {Q ia} Q j$ } = -2/ {Q l a , Q &j } = 2iSja^^. (2.2) 

It is well known that without central charges the J\f—4 superalgebra possesses U (4) 
R-symmetry group. However, the non-zero central charges break the U(4) R-symmetry 
group down to USp(4) [231 123] - Indeed, the relations (12.21) are invariant under those U(A) 
transformations with the matrices u l k which leave the antisymmetric constant tensor Z^ 
invariant, u l kU^iZ kl = Z % K Hence, Z % i plays the role of invariant tensor in Sp(4) group. 
The resulting the R-symmetry group is given by the intersection of U(4) and Sp(4) groups, 
that is nothing but USp{4). 

By applying the rotations with some unitary matrices u l j G U (4) to the central charge 
tensor Z 1 ^ one can bring it to the normal form [2] 



Z'v = u\v? x Z 
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(2.3) 



where zi, Zi are non- negative numbers. We restrict ourself in the further considerations 
to the case z\ = Z2 = z, so we are left with the only central charge. More generally one 
can consider complex central charge z by giving arbitrary phase factor to it due to the 
U(l) rotations in the U(4) group. This is sufficient for obtaining short representations of 
M—4 superalgebra with central charge, when the masses of multiplets are related with 
the central charges by the BPS condition 



m 2 = zz. (2.4) 
The central charge matrix (12. 3p can be written as 

Z ij = zVl ij , Z^ = -zn ij7 (2.5) 
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where 
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(2.6) 



The matrix Q will be considered further as the invariant tensor in the USp(4) group. 
The J\f—4 superspace possesses the following supercovariant Cartan forms 



,M 



ujm = dx m - iddfaZO^ + iO?<a dei 



(2.7) 



which will be further used in the construction of the superparticle Lagrangian. 



2.2 USp{4) harmonic variables 

The harmonic variables on different cosets of the USp(4) group were introduced in [25] . 
In the present work we are interested in the harmonics on the USp(A) / {U(l) xU(l)) coset 
which we review in this subsection in some details. 

The USp(4) harmonic variables are 4x4 unitary matrices u = {u l j) preserving the 
antisymmetric tensor Q (12. 6p . 

ueus P (A) W = i, u n u T = n. (2.8) 

Note that it is not necessary to impose the constraint det u = 1 since it follows from (12.81) . 

Let us denote the elements of complex conjugate matrix as u* = (u/)^ Then the 
identities (12. 8p can be written for the matrix elements as 

u l 3 u k j = Si u^Vfc = Q a . (2.9) 

As follows from (T2~9~]) . 

Ui j = n ik u k ^, (2.10) 

the conjugated matrix in the USp(4) group is not independent, but is expressed through 
the original one with the help of invariant tensor Q. In other words, the fundamental and 
conjugated representations are equivalent, similarly as for the SU(2) group. Hence, the 
invariant tensors flij and are used to lower and rise the USp{4) indices, e.g., 

u ij = = tt ik u k j , Uij = VL ik u k j = Ui k VL kj . (2.11) 

Here we assume (fi^)* = — Q l K 

3 We assume that the complex conjugation flips the position of indices while the transposition changes 
their order, so that u — u* — (u^), u T = (uj l ), = (m- 7 ,). 
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Now we introduce the usp(4) algebra as a space spanned on the following differential 
operators 

Sl = D\ - Dl S 2 = Dl - D\, 

D (++,o) = D i } D (-,o) = D ^ 

D (0,++) = D l D (0,—) = £,4 

£>(+-+) = D\ + Dl D<->-> = Dl + Df, 

£)(+.-) = D\-D\, D(--+) = D\-D\, {2.12) 

where 

Dj = ^. (2-13) 

The commutation relations of the operators (12.121) . given by ([Oil , show that D (++ ' 0) , 
j D(o,++) ) £)(+,+) ) £)(-.+) are rising operators, D^—'°\ £>(°>— ), D^~~\ are lowering 

ones and Si, 5*2 are Cartan generators in the USp(4) group. The operators Si, S% measure 
the U(l) charges of the generators of USp(4) group, 

[S^ £)(»!.«)] = Sl D (si ' S2 \ [S 2 ,D (S1 ' S2) ] = s 2 D (si ' S2 \ (2.14) 

It is convenient to label the harmonic variables by their U(l) charges as well, 

1 (+,0) 2 (-,0) 3 (0,+) 4 (0,-) / 01 r\ 

u i = u\ ', Ui = u\'', vTi = u I , u i = u\ '. (2-15) 

The harmonic derivatives (12. 12|) can now be rewritten in the more useful form for practical 
calculations with harmonics (12.151) . 

(+,o) d (_ ) d _ ( ,+) d (o_) d 



D (±±,0) = u (±-0)_9 D(0i±±) = (o,±)_ <> 



n(±,±) (±,0) ^ ( ,±) d n (±,=F) (±,0) ^ (0,=f) d rn ia\ 

Using the notations (I2.15p . the basic relations for harmonics (12.91) can be written as 
orthogonality 

U l+Mvt fi) =u (f> ' + H°'~ ) = 1, (2-17) 

u (+.<yo,+)< = u (+.o) u (o,-)^ = t| (o, + ) ti (-,o> = w (-.°) u (o,-> = o (2 . 18) 

and completeness conditions, 

M (+,o), M (-,o) _ u (+fi) u (-,o)i + u (0,+)i ti (o,-) _ u (o.+) u (P,-X = gi m (2 . 19) 
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Apart from the usual complex conjugation there is the following conjugation for har- 
monics [25J, 

Jp) = tt (o,±)i ) ^) = u (±,o)i^ ^ = _ M (o, ±); ^ = _ u (±,o)_ (2>20) 

It is the conjugation (12.201) which allows one to define real objects in harmonic superspace 
with USp(4) harmonics. 

The invariant Cartan forms on the USp(4) group are given by 



w (±±,o) 




w (o,±±) = u (o,±)^o,±) 




= -{u^duf^ 








w^dup)), 




= \{u^du^ 


-^W^), 


4 m 


= \{u^duf^ 





(2.21) 

These differential forms will be further used in the construction of the superparticle La- 
grangian on J\f=4 harmonic superspace with USp(4) harmonic variables. 

3 Af=4 harmonic superparticle model 

In this section we construct the jV=4 harmonic superparticle model extending the con- 
ventional 7V=4 superparticle by the Lagrangian for the harmonic variables on the coset 
USp(4)/(U(l) x U(l)). Then we develop the Hamiltonian formulation and analyze the 
constraints. We assume everywhere that any Lagrangian L defines an action S by the rule 
S = J drL, where r is worldline parameter. The derivatives of all superspace variables 
over r are denoted by dots, e.g., x m = dx m /dr, 9 ia = d9 ia /dr, etc. 

3.1 J\f=4 superparticle Lagrangian 

The Lagrangian for a massive superparticle moving in Af=4 superspace can be written in 
terms of Cartan forms (12. 7p in a standard way [HI [151 EE EZ] U 

Lj^ =4 = Li + L 2 , (3.1) 
L x = - l -{ e - l u m u m + em 2 ), (3.2) 



L 2 = -(Z^e^ja + Z^e^). (3.3) 



4 Here we assume that Cartan forms uj m are pulled back uj m = lu m (t)cIt on the superparticle worldline 
Z M = Z M (r), where Z M is a set of superspace coordinates. We hope that our notations for the Cartan 
forms oj m and their values oj m do not lead to misunderstandings. The same concerns the Cartan forms 
for harmonics (|2.21|) and their values appearing in the Lagrangian (|3.20|) . 
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Here L\ is a kinetic term with the mass m and L2 is the Wess-Zumino term with the 
central charges Z % \ Zij. Further we will consider only the case when the central charges 
are given by (I2.5p . so the Lagrangian L 2 takes the following form 

L 2 = -(zn ij 6?6 ja - ztt ij 0\& dl ). (3.4) 
The superparticle action is invariant under supertranslations, 

6 e 9? = ef, 8 e e i& = e iA , 

S eX m = -ie^W + i6 i a rn e i , (3.5) 

which lead to the conserved charges (supercharges), 

Qa = 2ie- l Co m {a m &) a + 2ztf j 9 ja , Q i& = ^ie" 1 ^^)* - 2zfi -^. (3.6) 

Upon quantization, the supercharges (13. 6p turn into the differential operators (12. ip with 
the superalgebra (12. 2p . 

If the BPS condition (12.41) is satisfied, the Lagrangian (13. ip respects also K-symmetry, 

5 K x m = i^l^-ifl.A^ <5 re e = -4(^ d + 0f<), (3.7) 

where k^, Ria are anticommuting local parameters. Despite the relation (12.41) defines the 
central charge z only up to a phase, we fix this freedom without loss of generality as 

m = —iz = iz. (3.8) 

As it will be shown further, it is the relation (13.81) that provides us with the correct Dirac 
equations for physical spinors in massive supermultiplets. 

3.2 Momenta, constraints and Hamiltonian 

We introduce the canonical momenta for the superspace variables as follows, 

Pm = JJ ^ = ^ (3-9) 

< = ^^=ip m (<T rn 8 i )a + zn ij 8 ja , (3.10) 
ddf 

Ttia = = ip ro (0iO* + *Mi = -(<)*■ (3.11) 

QQia 

The spinorial momenta (13. 10|I3 . 1 1 j) do not allow one to express the corresponding velocities 
and therefore they are considered as the constraints, 

Ad = 7r l(i -2p m (^Od-^i~0. (3.12) 
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As usual, the first and second class constraints are entangled in (13 . 1 21) and their separation 
can be done, e.g., with the help of space-time harmonic variables [30l I3T] . However, we 
do not need this technique here since the correct accounting of these constraints will be 
done in the next section by applying Gupta-Bleuler quantization method in harmonic 
superspace. 

To get the Hamiltonian for J\f=4 superparticle we perform the Legendre transform, 

h n=4 = -x m Pm + eyi + e^f - l n= , = - e -{ v 2 - m 2 ). (3.13) 

The Hamiltonian is proportional to the first-class mass-shell constraint 

p 2 -m 2 ^0 (3.14) 

with the Lagrange multiplier e. 

The Poisson brackets are defined in a standard way, 

[X m ,p n ]p = -C {&?, = ^ = -Wl- ^ 3 ' 15 ) 

With the help of the Poisson brackets we write down the variation for K-symmetry trans- 
formations, 

5. = K ia [^ ia: -} P + RiS™, -}p, (3.16) 

where 

i) ia = -ip m CT m a & D idx + ztlikDZ, = ip m ^D\ - zW k D« (3.17) 

are the generators of ^-transformations (13.71) . 

3.3 Lagrangian for A/"=4 harmonic superparticle 

Let us consider now the J\f—4 harmonic superspace with USp(4) harmonics, Zn = 
{x m , 9i a , 9 l & , it}, where the harmonics u are USp(A) matrices defined in (12. 8p . The su- 
perparticle Lagrangian (13.11) should be supplemented by the harmonic term, 

L = L^ =i + L USp (4:), (3.18) 

where 

+ Lwz + L\, (3.19) 

L WZ = -^[u^ut 0) ~ ^ (+ ' 0) X (_,0) ] - H - u { °> +)i u<?'-\ (3.21) 

L\ = A^V"' * - 1) + X 2 (uf' +) u^ - 1) + X^u^u^ 

+X^u ( i h '° ) u^ + X^uf'^u^ + X^u^u^. (3.22) 
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Here is built out from the Cartan forms (I2.2ip and describes the kinetic term for 
harmonics, L\yz is the Wess-Zumino term and L\ takes into account the constraints 
(12.1702. 181) with the Lagrange multipliers Ai, A 2 , X i+ ' + \ X^~\ X ( ~' + \ R, s u s 2 

are some constants. 

The main advantage of using the harmonic superspace Zu is the possibility of passing 
to the harmonic projections for all objects with USp(4) indices. For instance, for the 
Grassmann variables we have 

ei = -u u e ia , el = u 1 ^, (3.23) 

where the index I takes the following values 

J = {(+,0), (-,0), (0,+), (0,-)}. (3.24) 
One can promote the conjugation (I2.20p to such objects, 

(ffi = S£*\ ^=et°\ ^ = -e ,0) , ^ = -9^. (3.25) 

Analogously, we project the constraints (13.121) with harmonics, 

Di = u I t D i a = -u I t 7rl ( + tp m (a m e I ) a -ze I a ^0, 

Di = - u Ii D tA = -u Ii TT idl -tp m (6 I a m )a + z6i^0. (3.26) 

They are also related by the conjugation as 

5F^ = -4 0,± \ $fi = -D$*\ DW> = D$*\ D%£ = D§*>. (3.27) 

Let us give here also the harmonic projections of the K-symmetry constraints (13.171) . 

= -tPmcrZD 1 " + zDi « 0, $i = -tp m aZD Ia + zD{ « 0, (3.28) 

where index / takes the values (I3.24p . However, apart from (13.261) and (13.281) there are 
harmonic constraints originating from the symmetries of the Lagrangian for harmonics 
(13.19!) . We analyze them in details in the next subsection. 

3.4 Constraints and Hamiltonian for harmonic variables 

Let us define the canonical momenta for harmonic variables, 



v 



(±,o)i = J L usm = _^! [2m (t,o)^( ±± ,o) + m (o,t)^(±,±) + u (o,±)^(±, T )] _ !£i u (±,o) i; 

v (0,±)i = J_Lusm = _^! [M (T,0)^(±,±) + M (±,0)^( T ,±) + 2^(0,^)^(0^^] _ !£Vo,±)*_ 

(3.29) 
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They are used in constructing of covariant harmonic momenta, 





, # (+»°)„(-.0)i „(-.0)„(+,0)i _ 


—isi, 


^o.oua j 


s 2 


= u ^ v io,-)i _ = 


~iS2, 


(3.30b) 


£)(±±.0) 






(3.30c) 


£)(0,±±) 


e 




(3.30d) 


D (±,±) 


= u < :: ' , V '-»* + uf^v^ = 


e 


(3.30e) 


£>(±,=F) 




2R 2 . f , 


(3.30f) 



There are six constraints with the canonical momenta f 1 3 . 2 9 j) 

d = vt'^-** + vt'%< + M = 0, C 2 = uf' +) v^ + uf^v^ = 0, 
C (±,±) = u (±,%(o,±)i _ M (o>±y±,o); = Qj C (±, T) = M (±,oyo, T )* + u f^ v (±,°)i = o. 

(3.31) 

Equations (13.30113. 311) considered together allow one to express all sixteen harmonic mo- 
menta (I3.29p through the variables S, D, C in the lhs in (I3.30f3.31l) . Therefore we will 
use further the covariant momenta (I3.30p instead of canonical ones. 

There are also the following constraints for the harmonic variables which appear by 
varying (13.191) over Lagrange multipliers, 

u (+>V-,o)* -1 = 0, X2 = = uf> +) u^ -1 = 0, 

Let us introduce the Poisson brackets for the harmonic variables and corresponding 
momenta, 

[ w (±.°)y=F,o)j] p = [uf^^i^^p = -§i other brackets vanish. (3.33) 

It is easy to see that the functions (I3.30af3.30bp commute weakly under these brackets 
with the constraints (I3.31f3.32l) and therefore they belong to the first class according to 
the Dirac's terminology. Another first-class constraint appears as the equation of motion 
for the einbein field, 

0=£^ = ^jr Pm -m 2 + D^D^ + D^D^ 

+D (+,+) D (-,-) + £)(+-)£)(-+)). (3.34) 

This equation is a modification of the mass-shell constraint ( 13.141) with the covariant 
momenta for the harmonic variables. 



9L USp u) 
(±,±) 9L USp (4) 
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Let us now turn to the second-class constraints for the harmonic variables. We denote 
the covariant momenta fl3.3Q|l3.31j) and constraints (13.321) as 

D M = {St, S 2 , D^°\ ,0) , D^ ++ \ D<-°>—\ D^+\ D^~\ D^'\ D^}, 
c 1 = {C u C 2 ,C {+ ' + \C { -'-\C {+ '-\C { -' +) }, 

Xi = {Xi,X2,-X { -'~\x i+ ' + \-X { -' + \x {+ '- ) } (3.35) 
and calculate their Poisson brackets, 

[C 1 , xj]p = 2#, [C 1 , C J ] = Fl?D M , (3.36) 

where F\j is some constant matrix. Equations (13.361) show that the constraints (I3.31|3.32l) 
are second-class and therefore should be taken into account with the help of the Dirac 
bracket, 

[A,B] D = [A f B]p + ^[A,C I ]p\xi,B)p-l[A lX i)p[C J 1 S\p 

~[A,xi]pFi?D M [ X j,B] P , (3.37) 

were A, B are arbitrary two functions on a phase space for harmonic variables. 

Now we are ready to define the Hamiltonian for the particle on USp(4)/(U(l) x U(l)) 
coset as a Legendre transform for the Lagrangian (I3.19p . 

H usm = -u^%^ - ^°V + ' > - uf^ v (^ - ^.-) v (o, + )i _ L[/sm _ (3 . 38) 

Expressing the velocities for harmonic variables from (13. 29ft through the momenta and 
substituting them into (I3.38f) we find 

H usm = 2R 2 e- 1 ia ++ ^a~-^ + u,(o,++)£(o,— ) + u&'+W-'-l + u^u^} 

-^{S, - i 8l ) - J 2 °'°\S 2 - is 2 ) - L\, (3.39) 

where L\ is given by (I3.22p . Since the constraints f!3.32|) are accounted by the Dirac 
bracket (13.371) . we omit L\ further. Note that the functions oof 1 ' ^, uj^' ^ are arbitrary, 
we treat them as the Lagrange multipliers and denote further as /x, u, respectively. As a 



result, the Hamiltonian (I3.39f) is given by 



H = __^_[ jD (++,o) jD (--,o) + D <p,++) D (a t —) + d (+, + ) dM + D (+,-) D (-,+) ] 

2 it 

-n(S 1 -is 1 )-i/(S 2 -is 2 ). (3.40) 

The Hamiltonian describing the dynamics of both superspace and harmonic variables 
reads 

H = H USp (i) + -ffV=4, (3-41) 
where i/V=4 and H USp (4) are given by (13.131) and (I3.40p . respectively. 
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4 Gupta-Bleuler quantization of massive harmonic 
superparticle with central charge term 

According to the canonical quantization, one replaces the canonical momenta (l3.9H3.lfl) . 
(13.29)) with the following differential operators, 



Pr. 



d .8 



(4.1) 

The covariant harmonic momenta (13.301) turn into the harmonic derivatives (12.161) . while 
the Grassmann constraints (13.261) correspond to the following covariant spinor derivatives^] 

^• o) = ±5^+^^ (± ' o) )A+i,e' o) , 

4°' ±} = ±9^-K0 { °'^A-iz9^. (4.2) 
with non-trivial anticommutation relations given by 

{D ( + ,o ))jD (-,o )} = {D g, + ) tD g>-)} = -2ia^d m . (4.3) 

The operators (14. 1)) should be realized in some Hilbert space formed by the superfunc- 
tions 

$ = ${x m ,0 ia ,e i &1 u), (4.4) 

which should satisfy some equations of motion and constraints originating from the super- 
particle constraints. The superparticle has both first- and second-class constraints. The 
first-class constraints (I3.30a|l3.30bll3.34l) form closed algebra under the Poisson or Dirac 
bracket. Therefore, they all should be imposed on state vectorsJ§ 



Sl $(si,s2) = Sl $(«i,« 3 ) j S 2 <S> [S1 ' S2) = s 2 <5> {si > S2 \ (4.5) 
[d m d m ~^X + m 2 ]& s ^ = 0, (4.6) 



The operators D l a , Dia are multiplied here by —i for convenience. 
6 Further we label the functions $ by the values of (7(1) charges as 3>( Sl > S2 ). 
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where 



X = £>(— >°)£>(++.°) + £>C°.— )£>(">++) + £>(->-)£,(+,+) + D< + '->£><-' + >. (4.7) 

The second-class constraints should be accounted either by constructing the corre- 
sponding Dirac bracket or by applying Gupta-Bleuler method. In our case the second- 
class harmonic constraints (I3.31f3.32l) are taken into account by the Dirac bracket (13.371) . 
while the spinorial ones ( 13.261) should be accounted a la Gupta-Bleuler. It means that 
they have to be divided into two complex conjugate subsets with weakly commuting con- 
straints in each subset. As follows from the algebra (14.3p . there are two ways of separating 
the derivatives (14.21) into such subsets: 

{D^\D^\D£>°\D^} U {D^,D^\D^ fi \D^}, (4.8) 
{DWdMBWd^} U {D^\D^\D^\ D ^}. (4.9) 

Both these lines ( I4.8|I4.9I) lead to the equivalent superfield realizations of supersymmetry. 
Therefore, we consider in details only (14.81) and give short comments on the second case 
(14. 9p in the end of this section on a particular example. Therefore we require the superfield 
$0i,s2) to k e ana lytic, 

Jj(+,0)^(si,s 2 ) _ £)(0,+)^(si,s 2 ) _ £)(+>°)q>(si,s 2 ) _ £)(?>+) q>(si,s 2 ) _ g (4-10) 

Note that the physical states should respect the first-class K-symmetry constraints 
(I3.28P which are not accounted so far. The problem is that the harmonic part of the 
superparticle Lagrangian (13.191) violates the K-symmetry (13. 7p . As follows from (14. 6p . the 
states acquire additional masses due to the eigenvalues of the operator X and the 

BPS condition (12. 4p is violated. This is not surprising as we consider a superparticle in the 
harmonic superspace Zh = {x m , 6i a , 6^, u}, where the harmonic variables have non-trivial 
dynamics rather than playing auxiliary role. To resolve this problem and to obtain the 
physical states describing irreducible representations of supersymmetry algebra we have 
to "freeze" the harmonic dynamics by imposing additional harmonic constraints on the 
superfield $( Sl > S2 ). Such constraints should be first-class and should be compatible with the 
second-class constraints (I4.10p . Since the harmonic derivatives D^ ++ '°\ D^°' ++ \ D^ + ' + \ 
D(~' + \ leave the set of Grassmann derivatives in (I4.10p invariant, we require them 

to annihilate the state, 

£)(++,0)^(si,s 2 ) _ £)(0,++)<|>(si,S2) _ £)(+.+) $ Oi> s i) = £)(->+) <|>Oi,S2) _ £)(+ -)$(si,S2) _ 

(4.11) 

It is easy to see that the state under constraints (14.111) belongs to the kernel of the operator 
X, i.e. X& S1 ' S ^ = 0. Therefore the mass-shell constraint (14.61) reduces to 

{d m d m + m 2 )$ (si - S2) = 0, (4.12) 

Here we use a particular ordering of the harmonic derivatives although other orderings are also 
possible. 
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that is nothing but the usual Klein-Gordon equation. The BPS condition (12.41) is now 
restored and the state respects the constraints of K-symmetry which eliminate the un- 
physical degrees of freedom. 

Upon quantization, the generators of /t-symmetry (13.281) turn into the differential 
operators, 

^l = <6 i d m D I « + zD I a , i>i = a^d m D Ia + zDi. (4.13) 
Owing to the analyticity (I4.10p . we have to impose only the following constraints, 

{aZd m D { -' 0)& + ^i-' 0) )$ (si ' S2) = 0, 

(a™ & d m D^ & + zD^)& s ^ = 0, 

{aZd m D^ fi)a + zD { r fi) )^ s ^) = 0, 

«A^ (0H ° + zDf-^ 8 ^ = 0. (4.14) 



The relations (14.141) can be brought to more useful form. For this purpose we introduce 
the operators 

y(0,— ) = i(^-) j D(0,-)a_^ jD (0,-)a jD (0,-) ); (415) 

which have the following commutators with (14.131) 

i[L > (o.+) ) y(o--)] = a™d m D^ + zD£>~\ 
-\[D£ fl) ,Yt-M) = a-d m D^ + zD^\ 
-\[Df + \Y^\ = a™d m D^« + zD%-\ (4.16) 
Therefore instead of (14. 14[) we impose the following first-class constraints on the superfield, 



( z D ( r^D^ A -zD^ a Di-^ s ^ = 0, 

(zDf^D^-^ - zD^ a D^)& s ^ = 0. (4.17) 



In fact, the constraints (I4.17P are stronger than (I4.14p . Nevertheless, as is argued in 
[T8l [19] for J\f—2 superparticle, such first-class constraints should be imposed on the state 
since they appear as functions of second-class constraints (I3.26H . Moreover, they can be 
considered as the generators of symmetries of the superparticle Lagrangian as is shown 
in the Appendix 2 for the massless case. 
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Let us summarize all the equations for the superfield $( Sl ' S2 ) in a single list 

5 1 $( s i- s 2) = Sl $( s i- s 2) ; S , 2 $( Sl ' S2) = s 2 & Sl,S2 \ 

£)£*-»°)$(«l.«) = £)(°.+)$(«l,«) = L> ( . + ' 0) $( s l' s 2) = = 0, 

£)(++,0)^(ai,a 2 ) = £)(0,++)^(sx,«2) _ £)(+,+)<£(si,s 2 ) = Q ? 

£)(-.+) $(«i> s a) = £)(+ -)$(si,s 2 ) _ (4-18) 

(zD^Di-m - z J D(-.o)a jD (-.o))$(-i,- a ) = o, 
{zDf^D^-^ - *d(°.-)°d(°'-))$(»i>«0 = 0, 
(<9 m d m + m 2 )$( sl ' S2 > = 0. 



Note that due to the algebra flA.31) the derivatives 

£)(+-), £)(-+) commute as [£>(+•-), £)(- 



5*2 — Si. Hence, the operator S 2 — Si also annihilates the state, (S2 — Si)& sl > S2 > = and 
the resulting superfield has equal £7(1) charges, si = s 2 . 

We point out that the constraints £)(-> +)$( a i> s a) = £> (+ >-)$( s i> s 2) = restrict effectively 
the superfield to depend on £7Sp(4)/(S£7(2) x £7(1)) harmonic variables rather than the 
ones on the £7Sp(4)/(£7(l) x £7(1)) coset. Therefore these constraints can be effectively 
resolved by considering the USp(4)/(SU(2) x £7(1)) harmonics. Nevertheless, in the 
present work we do not follow this way and work only with the USp(4)/(U(l) x £7(1)) 
harmonic variables introduced above. 



4.1 A/"=4 massive vector multiplet 

Now we consider particular examples of superfields $( Sl > S2 ) with the lowest values of £7(1) 
charges satisfying (14.181) . It is easy to see that the case si = s 2 = is trivial since 
such chargeless superfield is just a constant, $(°> Q ) = const. Therefore the first physically 
interesting example appears when si = S2 = 1, 

$(1.1) = W {+ ' + \ (4.19) 

One can check that for this superfield the equations in the last three lines in (I4.18P follow 
from the other ones, while the relations in the first line are satisfied automatically. As a 
result, the superfield (14.191) obeys 

D (+,o) w (+,+) = D (o,+) w (+,+) = r,(+fl) W (+,+) = Df' +) W (+ ' +) = 0, (4.20) 
D (++,o) w (+,+) = D (o,++) w (+,+) = D (+,+) W {+,+) = 0j (4.21) 
D (-+) W (+,+) = D (+,-) W i+,+) = 0. (4.22) 

Equations (I4.20p mean that the superfield W^ + ' + ^ is analytic. To resolve these con- 
straints we first make the change of coordinates 

x™ = x m - ie^' 0) a m 6 {+ ' 0) - i6 {+ ' 0) a m 6(-' 0) - z0(° -)<7 m (o ' +3 - i6^ +) a m e i0 '-\ (4.23) 
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and then pass from r to A frame @ 

Di - V I a = e z D I a e- z = D I a -{D I a Z) 1 
Dl - Vi = e z Die- z = Di-(DiZ), 
W (+,+) _> yy(+,+) = e z W^ + \ (4.24) 

where 

z = i*0( + '°>«0£-'°) + izeQ'+^eg'-') + iz&£' 0) &-®* + izdf +) d^« (4.25) 

is a bridge superfield. In the analytic coordinates (14.231) the derivatives (14. 2[) read 
£>(+>o) = ? t>(-,o) = ? , 2zf ( T m 0(-'°) N ) 9 + 2iz6 { -' 0) 

* +) = Pf-» = - 5 ^+w(<r"s io - , ).ft»+w s e- ) , 

6< + '°> = 3^, S<-.») = -^--2 i(9 (-.»)Oa m -2^T'°', 

Since the derivatives £>i + '°' ) , £>i°' + ' ) , £ > i + '°' ) , ^i°' + ' > are short, the superfield W < - + ' + - ) depends 
only on the analytic coordinates, 

W ( + < + ) = w^ + \x^,e^°\e^ + \e^°\ef' +) ,u). (4.27) 

To solve the constraints (I4.21f4.22p we rewrite the covariant harmonic derivatives in the 
analytic coordinates in A frame (omitting the terms vanishing on the analytic superfields) , 



p(++,0) = D (++,0)_ 2i ( d (+,0) a mg(+,0^J__ iz (^ 

OX™ 

v (o,++) = D (o,++) _ 2i(o(°>+) a m0(.o,+)\JL _ iz fg(f>,+))2 - t z(6^) 2 , 

ox™ 



dx m 



£>(->+) = £)(-.+) - 5 



= £>(+,-) 1 g(+,o) g +6 {+ 'V 8 (4 28) 



8 Here we use the terminology of [6] used for similar constructions in Af=2 harmonic superspace. In 
fact, such passing from r to A frame is nothing but the use of two different representations for Grassmann 
and harmonic derivatives which are related by the unitary operator e z . 
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The full component structure of the superfield (14.271) is very long. However, on the equa- 
tions of motion (14.21114.221) all auxiliary fields vanish and the component decomposition 
appears pretty short, 

+C' 0) W' +) - €' +) x"x (+,0) 

+i f (0<+,o))2 f %[r'V°' +) + »(#°.+>) 2 / i %; i f ' o) ^-- ) 

+ ( iz 0(+fi) e (o, + ) + z ^(+-o)^, + ) )r - (u (+,o) M (-,o) _ u (o.+) u (J--)) 

+ ^( + ,0)^(0, + ) F a/ 3 + £(+,0)£(0 J+)(5 d/3 + ^+,0)^(0,+)^ + ^0,+)^+,0) A a« 

-^(#(+' ))¥ ' + )>X ( -' 0) - ^(^ + '°)) 2 ^' +) x J X (_ ' 0) 

+^(^ ' + )) 2 ^ + '°)»f'- ) + iz{e^ye^)^ u f-) 

-^(^ + '°)) 2 ^°' + )» J ( -'° ) - 2^(^ + '°)) 2 ^' +) X J X (0 '- ) 

+^(^°' + )) 2 ^ + '°)»f •" ) + iz{6^) 2 d { + fi) x l «ut- ] 

+2i6^ a 6^f + ^aZd m 4u ( r> 0) + 2t9^9^ a e^aZd m ^uf'- ) 

-z^e^f^fp^-^uf^ - z^e^f^^fpu^^u^ 
-zz[(e^) 2 (e^) 2 + (^°'+)) 2 (^+'°)) 2 ]f ] u[-' 0) u^- ] 

-2zi(6^) 2 6^ef +) + (^°' +) ) 2 e' 0) ^ +,0 V ma<i ^rwfr' 0) ^r ) 
-2^[(^ + '°)) 2 ^ + )^' +) + (^°'+)) 2 e' 0) ^'°V ma<i «9 m f ^[r ,0) ^r ) 

+4 £(+,o)£(o,+)£(+,o)^,+)^ (42Q) 

The scalar fields in (I4.29P satisfy Klein-Gordon equation, 

(□ + zz)f j = 0, (4.30) 

while for the spinors we have Dirac equations with the correct signs in the mass terms 
owing to (13. 8p . 

iaZ d m ^ ia - izx 1 * = 0, iaZdmX lP ~ %W a = °- ( 4 - 31 ) 
The fields F a p, A adl and G^, A a a are related to each other as 

iv ma ad m F al3 + izA^ = 0, ia m a ^d m A^ + izF a/3 = 0, 

ia m a & d m G &$ + izA a$ = 0, ia ma ad m A a$ + izG &$ = 0, 

a™ & d m A aa = 0, aZd m A a « = 0. (4.32) 
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Equations (I4.32p mean that the fields A a a and A a a obey the relations 

(□ + zz)A a6l = 0, a^d m A a& = 0, 

(□ + zz)A ah = 0, aZd m A a « = (4.33) 

and, hence, describe complex massive vector field. We conclude that (14.291) represents a 
superfield realization of A/"=4 massive vector multiplet, 

(□ + m 2 )f ij = (Qijf ij = 0) 5 complex scalars, 



ia m d tp ia + mf" = 

- m*i = 4 D,raC Spi,10rS ' 

,2 



(□ + m )A a a — 0, O'^'a^rnAaa — . . ( a o A\ 

;„ n( 7 _ o 7 « 1 massive complex vector. (4.34) 

(□ + m 2 ) = 0, < A 9 m A aci = v ' 

Let us now consider in short the second type of separation of superparticle constraints 
(14. 9p on the examples of a superfield W^ + ~\ The Grassmann derivatives in (14.91) should 
annihilate this superfield, 

D (+,0) W (+,-) = £>(0,-) W (+,-) = 5 (+fi) W {+,-) = D (0,-) W (+,-) = Q (4 _ 35) 

We impose also the following harmonic constraints 

D(++,o) w (+-) = d(o,—) W (+-) = D (+,-) W (+,-) = D (- ,-) = -) = 0) 

(4.36) 

since harmonic derivatives in (14.361) leave the set of the constraints (I4.35P invariant. 
To solve the constraints (I4.35P we consider this superfield in analytic coordinates, 



x ' m A = x m - id^a m 0^ - i9^a m 9^ + id^a m d^ + id^o m 9^ (4.37) 



and pass from r to A frame by the rules (I4.24p with the bridge 

Z = iz6^ a 6^® - lz 6^ a 6^ + iz6 { + fi) 6^^ - iz6f +) 6^. (4.38) 
The component structure of the superfield W^'"** is found in a similar way, 

w c+,-) = u^uf^r + ^ + '°)»;°'" ) - ^ <-)»S + ' 0) + e^t^ - ef~ ] x^nt fi) 

+iz(e^Yf% fl) v§- ) - iz{e^ypu^ 0) uf +) 
+(^(+.°¥°.-) + zze^e^)r( u [p 0) u { -' 0) - uf^u^) 

+e^ef- ] F^ + e^ef^c^ + e^ef^A^ + e^e { +' 0) A a& 

+ ..., (4.39) 
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where dots stand for the terms with #'s to the third and fourth powers. All components 
here depend on xT£ and satisfy the free equations of motion (14.341) . 
Analogously, one can consider the superfield W^~ ,+ ^ constrained by 

D ( -' 0) W^ = D^ +) W^-W { r^W^ = Df +) W^ = 0, 

= £>(°'++)W (+,-) = £>(->+) py(+>-) = D< - -)W r(+ ' _) = Dt+'+^W^-) = 0. 

(4.40) 

The component structure of W^~' + ^ is similar to (14.391) . but the values of the U(l) charges 
are swapped. 

5 Gupta-Bleuler quantization of massless superpar- 
ticle 

We turn to the massless Af=4 superparticle by considering the model ( 13.11) in the massless 
limit, i.e. 

m = z = z = 0. (5-1) 

The Lagrangian (13.11) reduces to 

U = -K~ l u m u m . (5.2) 

We point out that the massless superparticle has U(4) R-symmetry group rather than 
USp(4). Therefore, it is naturally to extend this model with the SU(4:) harmonics. This 
case was already studied in [18], where the superfield description of J\f—4 vector multiplet 
was given. Therefore in the present work we study the A/"=4 massless superparticle 
extended by USp(4) harmonic variables. Exactly this feature allows us to get some 
new insight on the problem of superfield formulation of Af=4 SYM model in harmonic 
superspace. 

The Lagrangian of A/"=4 harmonic superparticle reads 

L_\f =4 = L\ + L USp (4), (5.3) 

where L\ and L USp ^ are defined in (I5.2p and (I3.19p . respectively. The further quantization 
of this model is straightforward and can be read from the above considerations in the limit 
( 15. ip . Here we mention only the new features. 

In the massless case the algebra of covariant spinor derivatives (14 .2p has non-trivial 
anticommutation relations given only in the last line in (14.31) . Therefore, in the Gupta- 
Bleuler quantization approach, there are eight ways of separation of corresponding con- 
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straints, 
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As before, we assume that the state is described by a superfield $0i> s 2) subject to (14.51) . 
To take into account the constraints (j5.4p we claim 

{D aA }& s ^ = 0, (5.5) 

where {D a 6c } are covariant spinor derivatives from one of the subsets in (15. 1J) . We have 
to impose also the harmonic constraints, 

{D A }& S ^ = 0, (5.6) 

where {D A } is a subset of harmonic derivatives H2 . 1 6f) which leave the set of Grassmann 
derivatives {D a a} invariant. Apart from these constraints there are also K-symmetry ones 
with the generators (14.131) . In the massless case they lead to the following equations 

aZdmD I& ^ S2) = 0, aZd m D Ia ^ S2) = 0. (5.7) 

Using the algebra of covariant spinor derivatives one can show that the constraints (15.71) 
follow from 

where the indices J, J have the values (13.241) . As explained in the Appendix 2, the 
constraints (I5.8P originate from the bosonic version of K-symmetry. We point out that 
not all the constraints (15.6115.81) are independent, however they are all first-class. Some of 
them become trivial when definite subset in (15.41) is chosen. 

As a result, all the first-class and one half of second-class constraints are taken into 
account by the equations (I5.5p - (I5.8I) for the superfield $( Sl > S2 ). In the following subsections 
we consider the particular examples of massless representations of A/"=4 superalgebra on 
such superfields with lowest values of U(l) charges si, S2, which correspond to different 
ways of separations of constraints (15 .4p and describe different multiplets. 

5.1 Supergauge multiplet 

Regarding to the separations of constraints (I5.4aj) (I5.4cl) . there are two essentially different 
superfield realizations of A/"=4 supergauge multiplets. In the next subsections we consider 
both of them separately. 
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5.1.1 Chargeless superfield representation 

According to the separation of constraints (I5.4al) . the superfield $( Sl ' S2 ) should be annihi- 
lated by the following Grassmann derivatives 

As follows from (15. 8ft . the linearity conditions read 

m(+.0)^2^(si,s 2 ) _ m(-,0)N2^(a 1( S2) _ m(+,0)£j(-,0)N^(3i,s 2 ) _ 
(£)(0,+))2 $ (si, S2 ) = m(0-))2^( S i, S2 ) = (/)(0,+)£)(0 ,-)^(si,s 2 ) = q (5.10) 

We have to impose also the harmonic constraints, to fix the dynamics over the har- 
monic variables. Only the operators D^ ++ '°\ '°\ _D(° ,++ ', D^ ' ) leave the set of 
Grassmann derivatives in (15. 9p invariant. Therefore we claim 

£)(++j0)^(si,«2) _ £)( ,0)^(ai ,s 2 ) _ £)(0,++)^(ai,sa) _ £)(0, )^,(si,s 2 ) _ Q (5-11) 

According to the algebra flA~3l) . [D^ +fi \D^—^] = S 1} [D^++\ £>(°.++)] = S 2 , the con- 
straints (15.111) imply si = s 2 = 0. Hence, the state under considerations is realized by 
chargeless superfield $(°>°) = W\. 

However, the constraints (15.111) do not fix the harmonic dynamics completely. There- 
fore we impose also the quadratic harmonic constraint, 

£>(+,+)£>(+,+) Wl = o. (5.12) 

As a consequence of the algebra flA.31) . the operators D^~~^ D^ + ' + \ D^ + ~^ D^' + ^ annihilate 
the state as well and the whole operator (14.71) vanishes on this superfield, 

XW 1 = 0. (5.13) 

Therefore we are convinced that the constraints (15. 11115. 12p are sufficient to fix the dy- 
namics over the harmonic variables and to eliminate all unphysical degrees of freedom in 
this superfield. 

Let us rewrite all these constraints for the superfield W\ in a single list, 

D^W, = D^W, = D^W, = D { r^ Wl = 0, 

D(++' >Wi = £>(— -°>Wi = D^+^Wx = D^—)W X = 0, (5.14) 

£>(+,+) D^Wx = 0. 

The linearity constraints (I5.10p are not in this list since they are not independent but 
follow from (I5.14p . 

To solve the constraints in the first line of (I5.14p we pass to the analytic coordinates, 
x ™ = x m - + i0(°' + ><7 m #°'-> - i6t + '% m fr-M + i9^a m 9^'°\ (5.15) 
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in which the Grassmann derivatives in (15.91) become short, 

n(o,±) _ ± ? f>(±>°) _ + ? r5 16 ^ 

Therefore the superfield Wi depends only on one half of Grassmann variables, 

w 1 = w l {x^e^\e^\ef + \ef-\u). (5.17) 

Let us rewrite also the harmonic derivatives in (I5.14p in such analytic coordinates (we 
omit the terms acting trivially on Wi), 

D (±±,0) _ n(±±,0) I fl(±,0) 9 D (0,±±) _ D (0,±±) , g(Q,±) d /k 1R n 

£>(+.+) = £>(+,+) -2z(^( + '°V m ^ -0( O ' + V m ^ + '°))9 m 

Since the operators (15.181) do not contain the spatial derivatives, the constraints in the 
second line of (15.141) are not kinematical but purely algebraical for the components of W\. 
In fact, these constraints show that W\ depends effectively on USp(A)/(SU(2) x SU(2)) 
harmonic variables since the derivatives in (15.111) form two su(2) algebras. In principle, 
such harmonic constraints (15. lip can be solved manifestly by choosing the appropriate 
harmonic variables. As a result, only the constraint in the last line of (15. 14j) is true 
equation of motion for the superfield W\. 

Finally, we impose also the reality constraint, 

W x = W u (5.20) 

where the conjugation is defined in (I2.20p . 

Now we give the solution of all the constraints for the superfield Wi, 

+ie^°^iut' 0) - ^ ( - 0) ^>! + ' 0) + ief +) ^ a uf- ] - ief-^^uf - +) 

+ 0(+,O)0(- 0) F {aP) + q(0,+)q(0-) p(a$) 

-2e^ a 9^9^d {Q ^ ) u^- ) + 2d^ a d^m^d {a ^ ) uf' +) 
_20C + ' o > c,e 0Co,+)/30(o,-)« aQ((d( ^ ti (-,o) + 20C-.o)«^Co,+)y?0Co,-)d, ae((& ^ ti (+,o) 
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All component fields here depend only on x™ and satisfy the corresponding free equations 
of motion, 

□0 = 1 real scalar, 

nf j = 0, {f'Qij = 0) 5 real scalars, 

o ma «d m ^ = 0, a m a «d m ^ = 4 Weyl spinors, 

a ma ad m F (af3) = 0, <T m a *d m F {& fi = 1 Maxwell field (5.22) 

and reality conditions, 



= 0, P=f\ Tpi = il>ia, F {af3) = F { . 0) . (5.23) 

As a result, the J\f—4 SYM multiplet is embedded into the superfield W\. 

Let us consider now the Grassmann derivatives in the second subset of (15.4aj) . We 
denote the superfield annihilated by these variables as W 2 . Similarly as W\, it satisfies 
the following constraints, 

Df +) W 2 = D^W 2 = D^W 2 = D^W 2 = 0, 



D( ++ ^W 2 = Dt—MWz = D(°'++)W2 = D^—)W 2 = 
£>(->-).D(->-)W 2 = 0, 



(5.24) 

- yv 2 — v, 

w 2 = w 2 . 



The Grassmann constraints in (15.241) are solved by passing to the corresponding analytic 
coordinates, 

w 2 = w 2 {x'Ze^\e^\e^\ef-\ui (5.25) 

where 

x ' m A = x m + ie^a m e {0 ' +) - ^(°' + V m e (0 '- ) + ie^a m e { -' 0) - ie^a m e^ l (5.26) 

The component structure of W 2 is analogous to (15.211) . but the values of U(l) charges 
of superspace coordinates should be changed appropriately. Therefore, W 2 also describes 
the JV=4 SYM multiplet. 

5.1.2 Charged superfield representation 

Consider the separation of constraints (I5.4bl) on the example of a superfield W( + ' + ^ with 
U{1) charges s± = s 2 = 1. According to (15.4bl) and (14.111) . it satisfies similar equations as 
the massive vector multiplet considered in sect. 14.11 

D (+,o) w {+,+) = D Q,+) W (.+,+) = £,(+fi) W {+,+) = of +) W^ = 0, (5.27) 
D (++,o) w (+,+) = D (o,++) w (+,+) = D (+,+) W (+,+) = 0> ( 5 .28) 
D (-,+) W (+,+) = D (+,-) w (+,+) = o. (5.29) 

We point out that the harmonic constraints ( 15.291) are not kinematical, but they just show 
that W( + ' +S) depends effectively on USp(A)/(SU(2) x £7(1)) harmonic variables. These 
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constraints can be solved manifestly by the appropriate choice of harmonics, but we prefer 
to work here with the harmonic variables on the USp(A)/(U(l) x U(l)) coset, introduced 
above. 

There are also linearity conditions (15.81) . 

(D^-^fW^ = {D^fW^ = (D(->V) 2 W( + >+) = (DC°>-))2wrt + > + > = 0, 

D (-,o) D (o,-) w (+,+) = D (-,o) D (o ,-) w (+,+) = q (5. 30) 

Finally, in the massless case we impose also the reality condition, 

Wi+^+) = W i+ ' +) . (5.31) 

The solution of these constraints can be obtained from (14.291) by putting the central 
charges to zero, z = z = and taking into account the reality (15.311) . 



+z^' 0) ^nf' +) -^t' +) ^^ (+ ' 0) 



-) 



-29^9^ 0) a m ^d m f%'%f +) - 29^f +) a maa d m Pu^ ) u^ 

_|_0(+,O)0(O,+) p(ap) + q(+,0)q(0,+) p(a/3) 

+i (9^a m 9^ +) + 9^a m 9 {+ ' 0) )e mnrs G nrs 

_20(+>°)«0(°>+)^+> o )V^ 

-29^9^H^ a a^ 

where all components depend on the analytic coordinates (14.231) . Owing to the reality 
condition (I5.3ip we have 



P = r, V£ = Vta, Fw)=F(afr G^ = G mnr . (5.33) 
These components satisfy free equations of motion, 



Df* 3 


= (p^r- 


= 0) 


5 real scalars, 


(5.34) 


v ma *d m ^ a = 0, 




= 


4 Weyl spinors, 


(5.35) 


v ma ad m F( a fl = 0, 


m a Q 771 
C> a u m r (a(3) 


= 


1 real Maxwell field, 


(5.36) 


Q mG mnr = ^ 




= 


1 antisymmetric tensor field. 


(5.37) 



It is well known that the antisymmetric tensor field (15.371) is classically equivalent to the 
scalar field on-shell. Indeed, introducing the field 

L m = Tt^mnrsG , (5.38) 
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the equations (15.371) can be rewritten as 



d m L m = 0, d m L n - d n L m = 0. (5.39) 

A general solution of (15.391) is expressed through the scalar field subject to the Klein- 
Gordon equation, 

L m = <9 m 0, D0 = O. (5.40) 

As a result, we see that the superfield (I5.32p describes the J\f—A vector multiplet, in 
which one of the scalars is dualized and represented by the antisymmetric tensor field. 
Here G mnr is a strength of the antisymmetric tensor field which can always be expressed 
through its potential as G mnr = d m B nr + d n B rm + d r B mn . 

In conclusion of this subsection we comment briefly on the other ways of separation 
of constraints (I5.4cl) on the examples of the superfields W^ + ~\ W^~' + \ Similarly as in 
the massive case, these superfields are constrained by (14.35114.361) and (I4.40p respectively. 
The component structure can be read from (I4.39P by putting the central charges to zero, 
z = z = 0. Therefore, these superfields also describe the J\f—4 vector multiplet (I5.34p - 
(I5.37P in which one of the scalars is represented by the antisymmetric tensor field. 



5.2 Gravitino multiplet 

Let us consider the separation of constraints (15.4d|) and require the superfield $(°' + ) to be 
annihilated by the following Grassmann derivatives, 

£,(+>o) $ (o,+) = £(o,+)$(o,+) = £( ( -,o)$(o,+) = D (o,+)$(o, + ) = Q (541) 

The harmonic derivatives commuting with the spinor derivatives in (15.411) are D^ ++ '°\ 
jj( >o) ? £)(o>++) ) £)(+>+) ) £)(~>+). Therefore we require them to annihilate the state, 

£)(++,o) $ (o,+) = £,(—,0)^(0,+) = L) (o,++) $ (o,+) = £,(+,+)$(o,+) = D (-,+)$(o,+) = ( 5>42 ) 
Finally, the superfield satisfies the linearity conditions (15.81) . 

D (-,0) £(0,-)$(0,+) _ D (+,o) D (o-)$(o,+) _ D (+,o) D (-fi)$(o,+) _ q ( 5 - 43 ) 
To solve the constraints (15.41 j) we pass to the chiral-analytic coordinates, 

y m = x m + ie(-' 0) a m e(+'V - z0(+>°V m 0(-'°) - ie^o m e^ - ie^ +) a m e^-\ (5.44) 

in which the derivatives in (15. 41115. 42p are given by (as usual, we omit here the terms 
acting on $(°>+) trivially) 

£(±,o) , 9 - (0>+) _ d (0>+) _ g 

^(±±,0) = D (±±,0) + (±,O)_9 D ( 0j++) = D(0)++) _ 2id (0, +)(X mg(0, + ) d ^ 

89 / 

D (±,+) = D {±,+) _ 2l6 {±fi) m- e ^ + ) dm±e ^ + )_ 9 (5>47) 
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Since the derivatives (15.451) are short, the constraints (15.411) are manifestly solved by 

$ (o,+) = $(o, + ) (ym ^( + ,o)^(-,o)^(o, + )^-(o, + ) ;M) _ (548) 



Using the expressions for the harmonic derivatives (I5.46ll5.47p one can easily check that 
the following component expression for $(°-+) solves (15^21) . 

$ (0,+) = /X (0,+) _ 0(+,O)a^ u (-,O) u (O )+ ) + e (-,0)a^ tt (+.0) tt J,+) 

, fl (+.0) fl (-,0) (0,+) fl(+,0)fl(0,+) (-,0) „(-, 0)^(0,+) (+,0) 

+ 2^(+,o) (T m^(o, + ) 9m/ i M (-,o) _ 2^(--o) (T m ^ '+)9 m /X (+ ' 0) 

+ 2^(0,+) (T m^(0, + ) 9m/ i M (0,-) 

+e ( + ,o)^(-,o)^(o, +)7T(a ^ ) _ 2z^+' )^(-' )^( '+)V^9 mP/3) 

_^(+-0)a e (- 1 0)^(0 1+ )d^. am ^ (u (+ > 0) u (- * 

+ 2^(-o)^(o, + ) /3 ^o, + ) v ^ 5m ^ M (+,o) M (o,-) 
_2^(+^)^(o, + )/ 3 ^o, + ) v ^ 9m ^ M (-,o) M (o,- ) 



+ 2 ^(+.0)^(-,0)^(0, + ) 7 ^(0, +)(ia! n 9mF ^ M (0,-) 



(5.49) 



All the component fields in (I5.49P depend on y m given by (I5.44p and satisfy free equations 
of motion, 



Df = 

v m \d mPa = 0, a m a & d m \ & = 

CT ma ad m ^ = (^'% = 0) 



a 



■Pm.-r( a p) — U 



ma a rp 



(o/3t) 







4 complex scalars, 
2 Weyl spinors, 

5 Weyl spinors, 

4 real Maxwell fields, 
1 gravitino. 



(5.50) 



As a result we obtain the A/"=4 gravitino multiplet. 

The other ways of separations of constraints (I5.4e|5.4fi|5.4gp also lead to the gravitino 
multiplets realized by the superfields $(~'°) ; $(+>°) ; respectively. The constraints 

for these superfields can be easily read from the general expressions ( I5.5p - (I5.8I) . The 
component structure is analogous to (I5.49P with appropriate change of U(l) charges. 



5.3 A^=4 supergravity multiplet 



Consider the separation of constraints (I5.4hl) on the example of chargeless superfield 
$(o,o) = q i m p 0se the derivatives in the second set in (15.4hl) as the constraints on <£>, 



D 



(+,o) 



$ = Df +) <$> = D 



(-,o) 



$ = = 



(5.51) 
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which show this superfield to be chiral, 

A«$ = 0. (5.52) 
This constraint is explicitly solved by passing to the chiral coordinates y m = x m + i6ia m 6 l , 

$ = $(y m ,e ia ,u). (5.53) 
Next, we impose the harmonic constraints (14.111) 

£(++>°)$ = ^(o.++)$ = = £>(-.+)$ = = 0, (5.54) 
which mean that $ is harmonic independent, 

$(y m ,6 ia ,u) = <S>(y m ,9 ia ). (5.55) 

Finally, there are the linearity constraints (15 .8p originating from K-symmetry (see Ap- 
pendix 2 for details), 

D ia D j J> = 0. (5.56) 

It is well known that the solution of the equation (15.561) describes the J\T=A supergravity 
multiplet [HI [32]. Its component structure is given by 

$ = + m a + ettfF^ + o?o^ kl T im + e^eiefe^c^ , (5.57) 

where the component fields satisfy 

□0 = 1 complex scalar, 

v ma admi^a = 4 Weyl spinors, 

o^admF^ =0 6 Maxwell fields, 

<y ma ad m T i{aPl) =0 4 gravitini, 

a ma ad m C {Q ^s) = 1 Weyl tensor. (5.58) 
As a result, this superfield describes the multiplet of Af=4 supergravity. 

6 Applications of USp(4)/(U(l) x U(l)) harmonic su- 
perspace to the A/"=4 SYM model 

The quantization of A/=4 harmonic superparticle has demonstrated an important role of 
the specific N=A harmonic superspace with USp(A)/{U(l) x U{1)) harmonic variables^ 
and the corresponding superfields. We have seen that this superspace is naturally associ- 
ated with A/"=4 superparticle and therefore it is instructive to study its properties and to 
try to develop field theory in it. 

The purpose of this section is to apply the USp{&) / (U (1) x Z7(l)) harmonic superspace 
to the A/"=4 SYM model and show that the superfields, obtained in quantizing the su- 
perparticle, appear naturally in the solution of A/"=4 SYM constraints. We consider also 
some possibilities of constructing the invariant actions depending on these superfields in 
harmonic superspace and discuss their relevance to the J\f—4 SYM model. 



Such harmonic variables were introduced in 
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6.1 Harmonic superspace analysis of A/"=4 SYM constraints 

Let us consider standard J\f—4 superspace Z M = {x m , 9 ia , 9 l & } with supercovariant spinor 
derivatives 

According to the generic procedure of superspace formulation of the extended supersym- 
metric models [32], one introduces the gauge connections for these derivatives, 

D l a - V l Q = D l a + VI Ad - V id = Ad + Via (6.2) 

and defines the superfield strengths by the following anticommutators, 

{V* a , Vj} = 2e^, {V Jct , V^} = 2,^0, (6.3) 

It is well known that the following J\f—4 SYM constraints put the superfield strengths 
on-shell |32|, 



D i& W jk = ^(6{D l( ,W lk - SfDaWV), (6.4) 
D l a W jk + D{W tk = 0, (6.5) 
W^=W ij = ^e ijkl W kl . (6.6) 



Let us project the strengths with harmonics, 

W H W u = u^u^W^, (6.7) 
where the indices J, J take the values (13.241) . We denote these superfields also as 





w x 




w 2 








f,+) 


= ut^uf^WV, 








W { ' 


f -) 




w { - 


-•+> = vt'^vf > +) W {j . 


(6 



Contracting equations ( 16. 4)6. 5ft with harmonics we find a number of Grassmann analyt- 
icity constraints for these superfields, 

Dg'+lWi = D^W, = Df^W x = D^ Wl = 0, 

D^W 2 = D^W 2 = Df> +) W 2 = D^W 2 = 0, 

D (+,o) w (+,+) = D (o,+) w (+,+) = f)(+fi) w (+,+) = d(°>+) W (+,+) = o, 

D (-fl) w <-,-) = D (0,-) W (-,-) = D^W^ = D$>-) W t-,-) = o, 
D (+,0) W (+,-) = D (0,-) W (+,-) = D (+,o) w (+,-) = D (o,-) w (+,-) = 0j 
D (-,o) W (-,+) = D (o,+) w (-,+) = D (-,o) wi -, +) = D (o,+) w (-,+) = Q (6 _ 9) 
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Moreover, by construction, the superfields (I6.8P are annihilated by the following harmonic 
derivatives, 

D(++'°>Wi = D^—^Wx = D^+^Wx = D^—^Wi = p(+' + )) 2 Wi = 0, 

D^W 2 = D^—^W* = D^W 2 = D(°>—)W 2 = (D^) 2 W 2 = 0, 
D (++,o) W (+,+) = D (o,++) w (+,+) = D (+,+) W (+,+) = D (+,-) W (+,+) = D (-+) w (+,+) = 0) 

£)(~.0)^(-.-) = £)(0,— )^(",-) = £,(-,-)^(-,-) = D (+,-)^(-,-) = £,(-,+)^(-,-) = 0, 
£,(++fi) W {+ ,-) = £,(0, — = £>(+ -)^(+ ,-) = -) = £)(-,-)w(+.-) = 0, 

£)(— ,o) w -(-,+) = £ ) (o,++) W r(-,+) = £)(-,+) w -(-,+) = jD (+.+) H /(->+) = -)^(->+) = . 

(6.10) 

We see that the superfield strengths W 1: W 2 , W^~~\ W^ + ~\ introduced 

in the subsections I5.1.1[ 15.1.21 satisfy the same constraints (I6.9ll6.10p and therefore give 
the solutions of Af=4 SYM constraints (I6.4|6.5p . 

Let us now consider the reality constraint (16. 6p . Applying the following identities with 
harmonics 

u^u^e im = -2u\ k ' 0) uf-\ (6.11) 
we find that (16. 6p leads to the reality properties of superfield strengths, 

m,2 = w^+) = w(+j+^ w^ 1 ) = w<->-\ (g 12) 

W(+>-) = W { ~' + \ w(-'+) = w( + ~\ 

These conjugation rules for superfield strengths coincide with (I5.20|5.3ip which were pre- 
viously introduced in the superparticle considerations. This establishes the correspon- 
dence between the J\f=4 superfield strengths (16.31) and the superfields obtained by the 
superparticle quantization. 



6.2 Actions in USp(4)/(U(l) x U(l)) harmonic superspace 

We have seen that the superfields (16. 8p satisfying the constraints and equations of motion 
( 16.9116. 10p appear naturally in the solution of J\f—4 SYM constraints (I6.4l) - ()6.6p . Now we 
address a question, whether it is possible to construct with the help of these superfields 
any A/=4 invariant superfield functionals in USp(4)/(U(l) x U(l)) harmonic superspace, 
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which can be treated as the actions of some J\f—4 supersymmetric field models. For 
instance, similar superfields on J\f—4 harmonic superspace with 577(4) harmonic variables 
were used in the construction of different integral invariants in [12]. 

Each of the superfields (I6.8P lies in its own analytic subspace parameterized by eight 
Grassmann variables, as is seen in each line in (16.91) . We restrict ourself to two superfields, 
and Wi, the others can be studied in a similar way. 

Let us consider first W^ +,+ \ which lies in the analytic subspace with the coordinates 
{x™, 9^~'°\ 6a' + \ u}, where x™ is given by (14.231) . In general, one can consider 

the following functional depending on this superfield 

J rfC ( " 4 '" 4) ^(^ (+ ' +) ), (6.13) 

where d^~ 4 ~^ is the dimesionless analytic measure defined in (IA.31I) . Since such a 
function T should have definite U(l) charges, s± = S2 = 4, it can be only quartic, 

S 4 = g J dC, { -^\W^ +) )\ (6.14) 

where g is a coupling constant of mass dimension —4. Using the component decomposition 
(I5.32p for it is easy to see that the action (16.141) contains the following term in 

components, 

S 4 ~ g J d'x F^F^F^F^ + ..., (6.15) 

where F a p, F^ are the spinorial components of the Maxwell strength and the dots indicate 
the terms for all other component fields. Since the term in the rhs of (16.151) appears in 
the fourth order of the decomposition of the Born-Infeld action (e.g. see [331 136]). one can 
treat the action (16. 14j) as a part of an A/"=4 supersymmetric generalization of Born-Infeld 
theory. 

Consider now the chargeless superfield W\ in the analytic superspace with the coordi- 
nates {x™, 6^'°\ 6^'°\ 6^°' + ' 1 , u}, where x™ is given by (15. 15j) . In general, one can 
write the following functional with it, 

/ d(F(Wt), (6.16) 

where d( is the analytic measure given by ( 1A.36I) . Since the measure in (16. 16f) is chargeless, 
there are no restrictions on the function T . Of particular interest is the quartic potential, 

J d( (iy x ) 4 ~ J d A xF aP F a(3 F^F^ + ..., (6.17) 

as it may have some relations to the J\f=4 supersymmetric generalization of Born-Infeld 
theory as mentioned above. One can easily check the presence of F A term in the component 
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structure of (I6.17P by applying the component decomposition for W\ given by (15.211) . 
Another interesting example is given by the logarithmic potential, 



where A is some scale which makes the combination W\/A dimensionless. Clearly, the 
expression in lhs of (16 . 1 8[) is scale independent despite the manifest presence of dimen- 
sionful parameter. In components, such functional reproduces the first leading term in 
the low-energy effective action of AA=4 SYM model (see, e.g., [33]). Note that the A/"=4 
superfield description given by (16.181) for such terms is even simple than the one with 
A/"=2 superfields [33]. In the work [37] we noticed that it is much more difficult to write 
down similar terms within A/"=3 harmonic superspace approach. 

In this subsection we saw that the superfield strengths (16.81) allowed us to construct 
some actions with the gauge fields in the fourth power while the A/=4 superfield descrip- 
tion for F 2 terms remains unclear. Moreover, the strengths (16.81) are on-shell objects 
constrained by (16.101) . Therefore the classical action for J\f—4 SYM model, if it admits an 
A/"=4 superfield description, should be constructed in terms of some potentials for these 
superfield strengths. One such attempt is undertaken in the Appendix 3, where we intro- 
duce the analytic prepotentials and study some superfield action with it. However, this 
question requires further independent studies and lies beyond the frame of the present 
work. 

7 Summary 

In this paper we have studied the construction of massive and massless A/"=4 superpar- 
ticle models in Af=4 harmonic superspace and their quantization. The crucial point of 
our considerations is the use of USp(4) harmonic variables since exactly this group cor- 
responds to the R-symmetry of A/"=4 superalgebra with central charge. Since the mass 
of the superparticle should be equal to its central charge, as required for the construc- 
tion of BPS supermultiplets, both massive and massless superparticles can be studied and 
quantized in such an A/"=4 USp(4) / {U(l) xU(l)) harmonic superspace. The quantization 
leads straightforwardly to the superfield realization of physically interesting multiplets of 
Af=4 supersymmetry. Namely, in the massive case, the A/"=4 massive vector multiplet 
is described by four analytic superfields W^ + ' + \ W^~~\ W^ + ~\ W^~' + ^ with different 
types of analyticity obeying also harmonic shortness constraints, which serve as the equa- 
tions of motion for these superfields. In the massless case these superfields reduce to the 
usual J\f=4 SYM multiplet if additional reality constraints are imposed. Moreover, there 
are also two chargeless superfields W\ and Wi with specific Grassmann and harmonic 
shortness constraints describing the same multiplet. All these six strength superfields 
are shown to appear naturally in the solution of A/=4 SYM constraints with the help 
of USp(A)/(U(l) x U(l)) harmonic variables. Apart from the A/"=4 SYM multiplet, the 
superparticle leads to the superfield realizations of A/"=4 gravitino multiplet (with highest 




(6.18) 
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helicity 3/2) and Af—4 supergravity multiplet (with highest helicity 2). These multiplets 
are represented by chiral-analytic and A/"=4 chiral superfields in harmonic superspace, 
respectively, with appropriate Grassmann and harmonic constraints. 

The quantization of the Af—A harmonic superparticle shows some new possibilities for 
studying the J\f—A SYM theory directly in J\f—A harmonic superspace with U Sp(4) /(U(l) x 
U(l)) harmonics. The U Sp(A) group is very suitable for this purpose, particularly because 
of its invariant antisymmetric 2-tensor, which raises and lowers the R-symmetry indices, 
similarly as the e-tensor in the SU(2) group. The corresponding USp(A) harmonic su- 
perspace possesses a specific conjugation generalizing the usual complex conjugation, and 
harmonic projections of J\f—4 superfield strengths appear real under this conjugation. 
Therefore the USp(A) harmonics seem to be very useful for studying the M=A SYM 
model in harmonic superspace. Moreover, as is sketched in the last subsection, it is very 
straightforward to build some gauge invariant actions in J\f=4 harmonic superspace with 
USp(4) harmonics. We propose actions which contain F A term in the bosonic sector. 
These actions are written in an analytic superspace with an integration over half of the 
Grassmann variables of J\f—4 superspace, such that the analytic measure is dimensionless. 
The F A term may be interpreted as the quartic term in an A/"=4 Born-Infeld action. It 
is interesting to note that it allows for a very simple scale-invariant generalization which 
corresponds to the leading term in the low-energy effective action of the J\f—A SYM model. 
However, these issues require deeper investigations. 

To conclude, we have constructed the M=A massive and massless superparticle mod- 
els and developed their quantization. As a result we found superfields in Af—A harmonic 
superspace with USp(A)/(U(l) x U(l)) harmonics which describe the basic on-shell A/"=4 
multiplets. These superfields allow one to write some M—A superfield actions correspond- 
ing to Af=A SYM theory. 

It would be very interesting to develop systematically the ideas presented in Appendix 
3, where we show that the analytic potentials, which serve as gauge connections for the 
harmonic derivatives, can be used for constructing some superfield actions. 
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Appendices 

1 Commutation relations in usp{4) algebra 
Let us introduce the operators 

T j = Qkd^d (A.l) 
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where u l j are the harmonic variables (12. 8p . It well known, that the operators flA.ll) obey 
the commutation relations of usp(4) algebra (see, e.g., [27]). 

[T ij ,T H ] = tt i{k T l)j + tt j(k T l)i . (A.2) 

In the present work we prefer to use the operators (12.16!) which differ from ( 1A.1I) only by 
constants and therefore also span the usp(4) algebra. Their commutation relations are 
given by 
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(A.3) 



2 Comment on the D a D a constraint and ^-symmetries 

Here we explain the origin of the quadratic spinor constraints (15. 8|5.56|5. 30115.431) appear- 
ing in the massless case. All the considerations are valid for arbitrary A/", however only 
J\f—4 superparticle was studied in this work. 
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Consider the Lagrangian of massless superparticle (I5.2p with the constraints (I3.12ll3.14p . 
which in the massless case read 

p 2 w 0, (A.4) 

K = ~K + iPm((T m e% « 0, Ad = Tfid - iPm{Bi(T m )a ~ 0. (A.5) 

The transformations of K-symmetry ( 13.71) in the massless case 

5 K x m = i6 K e i o m i -ie i o m 6j i , 5 K e = -4{R i J i " + e?Ki). (A.6) 
are generated by 

6 K = K ia ty ia ,.} P -Rf[iPi,.} P , (A.7) 
where [., .}p is the graded Poisson bracket and 

Via = iPmCT^Df w 0, ^ = -ip m < d A a « (A.8) 

are the generators of K-symmetry which are first-class constraints. 

We point out that the transformations (1A.6I) leave the superparticle Lagrangian in- 
variant (<5 K Li = 0) for arbitrary local parameters K a , Kq. In particular, we can take 

where fc*- 7 = fc- 7 *, fcy = kji are new local bosonic parameters. The transformations (1A.6I) 
read now 

6 k x m = - P m [k ij 9?e ja ■ k.,0', (><■', s k e = -4(k ii e?e ja + hj0i& & ). (a.io) 

They are generated by the variation 

6 k = k ii [K iji .]p + k ij [K ii ,.]p, (A.ll) 

where K^, K %3 are new first-class constraints, 

^ = -ipm%°™^% « 0, K ij = -ip m n {%a aZe 3) « « 0. (A. 12) 

Of course, these constraints are not independent, but follow from ( 1A.8I) upon contractions 
with Grassmann variables. With the use of (1A.4IIA.5I) the constraints (1A.12I) can be 
rewritten as 

« 0, vr iQ < « 0, (A. 13) 

or as 

Aj = Ad^j « 0, = D ia D J a « 0. (A.14) 



Therefore the constraints (I A. 141) can also be imposed on the states upon quantization. 
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Note also that the generators of /t-symmetries appear from the commutators of the 
constraints (IA.5D and (IA.12D . 

[Ky, D k a } P = ^ {ia 5% [K\ D k& ] P = (A.15) 

[Dij, D k a ] P = ^ {ia 5% [D ij , D ka ] P = 4$$>. (A.16) 

Therefore one can consider only the constraints (1A.5I) and (1A.14I) since the K-symmetry 
ones (1A.6[) follow from their algebra. 

As a result, there is a bosonic version of K-symmetry if we choose the parameters of 
^-transformations being proportional to Grassmann coordinates. However, not all the 
parameters kij, k^ are independent. Indeed, a symmetric M x jV matrix has M{M + 
l)/2 independent elements that is too much in comparison with the number of first-class 
superparticle constraints. However, there is U(N) R-symmetry which rotates indices i, j 
of all objects. It is well-known, that any symmetric complex matrix k 1 ^ can be brought 
to the diagonal form by U(N) rotations |29j . 

uku T = diag(cii, . . . ,dj/), ueU(M). ( A -!7) 

After such a rotation, there are only M independent real parameters in the matrix k. 

We point out the importance of accounting the constraints (IA.14p in the Gupta-Bleuler 
quantization of a superparticle despite they are not independent but follow from spino- 
rial constraints (1A.5I) and K-symmetries (1A.8j) . Recall that the spinorial constraints (1A.5I) 
consist of 2JV first-class and 2JV second-class constraints (which can not be separated ex- 
plicitly) while the K-symmetry constraints f]A.8|) have effectively 2j\f first-class constraints 
(since they are infinitely reducible). Indeed, on the example of a chiral superfield (15.551) 
it is easy to see that the constraints (15.71) are not sufficient and the constraint (15.561) 
must be imposed to achieve the correct component structure (I5.57p . This is a feature of 
Gupta-Bleuler quantization approach in which we take into account only the constraint 
Dia « corresponding to the chiral superfield but not D % a k 0. As a result, some of 
the first class constraints originating from D l a w remain unaccounted until one has not 
imposed the constraints (I5.56p . 

Finally, we note that the analogous quadratic spinorial constraints (14.171) also originate 
from the /t-symmetry if one passes to the bosonic parameters as in (1A.9I) . 

3 F 2 term in jV=4 USp(4)/(U(l) x U(l)) harmonic superspace 

It is well known that the classical actions in M=2 and A^=3 SYM models can be written 
in terms of unconstrained superfields (prepotentials) in harmonic superspace [31 E]> A 
similar superfield formulation for J\f—4 SYM model is very desirable since it may be 
fruitful for studying quantum aspects of this model. One can hope that the A/"=4 harmonic 
superspace with USp{4) / {U{\) xU{\)) harmonic variables may be useful for this purpose. 
In particular, here we propose some functional built of analytic prepotentials which gives 
F 2 term in components. 
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In principle, one can try to construct some actions in different subspaces of full A/"=4 
superspace. However, the superspaces with eight Grassmann variables are more promising 
since the corresponding integration measure is dimensionless. Indeed, if one tries to 
construct an action in full A/"=4 superspace one needs the dimensionful constant since the 
corresponding measure is of dimension +4. Therefore we consider the analytic subspaces 
of f\f=4 superspace which are singled out by the covariant spinor derivatives in different 
lines in ( 16. 9p . Our aim now is to develop the differential geometry in one of such analytic 
subspaces and to build possible gauge invariant superfield functionals. 

Consider the analytic subspace in 7V=4 harmonic superspace with coordinates 
{xj } 6^'°\e { a ,+ \e^ fi \ef + \u}, where x% is given by (Q3I) . As is shown in (15371) . the 
Grassmann derivatives 

D (+,o) ) £>(o 1+)) 5 (+.o) > D (o, + ) (Alg) 

single out the analytic superfields. The set of derivatives flA. 18|) is invariant under the 
commutators with the following harmonic derivatives 

jD ( ++ ,o )) D (o 1++ ) ; jD (-, +)) D (+,-)_ (Alg) 

Therefore we can introduce five analytic gauge connections for the harmonic derivatives 
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(A.20) 

Clearly, these prepotentials contain too much component fields even in the physical sector 
and we have to introduce some constraints. One of the possible ways to impose the off- 
shell constraints is to vanish the prepotentials in the last two lines in (IA.20[) . 

V (+ ' _) = 0, V ( -' +) = 0. (A.21) 

We point out that it is the constraints (1A.21I) which do not lead to the equations of 
motion for the component fields, but just reduce the number of independent components. 
Since the derivatives D( + ~\ D^ ,+ ^ form su(2) subalgebra in (1A.3[) . the constraints (1A.21I) 
can be naturally resolved if one uses the harmonic variables on U Sp(4) / '(SU (2) x U(l)) 
coset rather than U Sp(4) / {U(l) x U(l)). However, for our considerations it is sufficient to 
work in the USp(4) / {U(l) x U(l)) harmonic superspace with the constrained prepotentials 
f TA20D . 

The covariant derivatives flA.20p should satisfy the same algebra (IA.3[) even with im- 
posed constraints (IA.2ip . It leads to the following constraints for the prepotentials, 

D (+,-) V (++,o) = 0> D (-,+)y(o,++) = 0> 

D (+,-) D (+,-)y(+,+) = 0) = o, 

(£>(-+)£>(+-) + 2)V (+ ' +) = 0. (A.22) 
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Moreover, the prepotentials V^ ++ '°\ V^°' ++ \ can be expressed through each other 

and only is independent, 

£)(-+)y(++,o) = _y(+,+) jj(+-)y(+,+) _ 2y(++>°) 

£)(+.-)y(o,++) = y(+,+) ; D (-,+)y(+,+) = _ 2 ^ (0 ' ++) . (A.23) 

There are also the following reality properties for the prepotentials, 

= V {+ ' +) , V(++fi) = V {0 ' ++) , V^++) = V i++ ' 0) . (A.24) 
The analytic prepotentials define the harmonic field strengths, 

F (2,2) = [y(++,0) ? y(0,++)j = £)(++>°)y (0,++) _ £)(0,++)y (++,0) + [y(++,0) ^ y(0,++)] ^ 

_p(3,l) = [y(++,0) ; y (+,+)] = £)(++,0)y(+,+) _ £)(+,+) y(++,0) + [y(0,++) ; y(+,+)l 

F (i,3) = V (0,++)] = £>(+,+)y(0,++) _ D (0,++) v (+,+) + [y(+,+) ) y(°.++)], (A.25) 

which are analytic and gauge covariant (or invariant in the Abelian case), 

SF (2,2) = [A) F (2, 2)]) JF (3,1) = [ Aj F (3,l)] ; 5F d,3) = [A) F (l,3)] (A>26) 

under the following gauge transformations of the prepotentials 

5 y(++,o) = _ v (++,o) A) 6 y(o,++) = _ V (°.++)A, = -V (+ ' +) A. (A.27) 

Here A is a real analytic gauge parameter constrained by 

£>(+>-)A = £>(-'+)A = 0. (A.28) 
Owing to the constraints flA.22p these strengths are related to each other, 

£)(+,-) p(2,2) _ pi(3,l) £)(-+) i?(2,2) _ pi(l,3) £)(+,-) _p(l,3) _ £)(-+) ^(3,1) _ _ 2 F (2 ' 2) . 

(A.29) 

We stress that the constraints (1A.28I) are purely algebraical and mean that A depends 
on USp(4)/(SU(2) x £7(1)) harmonics. One can avoid all these constraints by using the 
superfields in USp(4:)/(SU(2) x U(l)) harmonic superspace. 

Now we apply the strength superfields (1A.25|) to build a gauge invariant action in 
analytic subspace, 

S 2 = -tlj ^(-4,-4)^(2,2)^2,2) = _l tr J ^(-4,-4)^(3,1) j p(l,3) ) (A 3Q) 

where <i£(~ 4, ~ 4 ) is the analytic measure, 

dC ( - 4 '~ 4) = ^x A du{D^^)\D^)\D^^) 2 {D^) 2 . (A.31) 
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The integration over harmonic variables is defined by the following rules 

J du 1 = 1, 

J duf [si ' S2) = 0, if s a ^ 0, s 2 + 0, 

j du (irreducible harmonic tensor) = 0, (A. 32) 

where /( Sl > S2 ) is some function of USp(A)/(U(l) x U(l)) harmonic variables. The rigorous 
grounds for such rules of harmonic integrals are given in the book [6] for the case of 
SU(2)/U(1) harmonic variables and in [5], [38] for SU(3)/(U(1) x U(l)) harmonics. Here 
we just generalize these constructions for the USp(<i)/ \U{1) x £7(1)) coset. 

The action (IA.30I) is supersymmetric and gauge invariant by construction and contain 
the component fields with the spins (helicity) not higher than one. In particular, it is 
easy to find the vector field in its component structure by considering the following term 
in the prepotential V^ +,+ \ 

V^ +) = 1[#(+>°W°' + ) + e^a m 9^]A m + .... (A.33) 

The real vector field A m turns into the Maxwell strength in the F^ 2 ' 2 ^ superfield (in the 
Abelian case), 

F (2,2) = ( (+ > O) <7 m0(+.O) )(0 (O,+) <7 ng(O,+)) Frwi + ( A34 ) 

and leads to the Maxwell term in the action flA.301) . 

S * = -\j d 4 xF mn F mn + .... (A.35) 

The dots stand here for the other component terms in the action. As a result we see 
that the action contains A/"=4 vector multiplet in component decomposition and may 
have some relation to the J\f—4 supergauge theory. However, one can check that the 
action flA.30j) contains much more propagating degrees of freedom than a single A/"=4 
SYM multiplet. Therefore to make the action flA.301) physical one needs more superfield 
constraints for the prepotentials and this issue requires further studies. 

Another way in the seek of unconstrained J\f—4 SYM action in the USp(4) harmonic 
superspace is the use of other analytic subspaces in A^=4 superspace. Of particular 
interest may by the analytic subspace with coordinates {x™, 9^'°\ 6^~'°\ ^°' + ' ) , 0f'~\ u}, 
where x™ is given by (15.151) . The corresponding analytic measure is chargeless, 

d( = ^d 4 x A du(D^) 2 (D^) 2 (D^) 2 (D '-) 2 . (A.36) 

One can use other prepotentials and field strengths in this subspace for constructing the 
invariant actions. We leave these questions for further studies. 
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